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Abstract 

This paper develops a theory of thin shells within the context of 
the Einstein-Cartan theory by extending the known formalism of gen- 
eral relativity. In order to perform such an extension, we require the 
general non symmetric stress-energy tensor to be conserved leading, as 
Cartan pointed out himself, to a strong constraint relating curvature 
and torsion of spacetime. When we restrict ourselves to the class of 
space-times satisfying this constraint, we are able to properly describe 
thin shells and derive the general expression of surface stress-energy 
tensor both in its four-dimensional and in its three-dimensional intrin- 
sic form. We finally derive a general family of static solutions of the 
Einstein-Cartan theory exhibiting a natural family of null hypersur- 
faces and use it to apply our formalism to the construction of a null 
shell of matter. 
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1 Introduction 



The purpose of this paper is to extend the notion of singular hypersurface 
existing in general relativity to the context of the Einstein-Cartan theory in 
a coherent way in order to include the effects of torsion originating in the 
spinning properties of the matter distribution. The role and the importance 
of such objects has been extensively studied within the context of the Ein- 
stein theory of gravitation and we refer the reader to existing reviews like 
|]T2[ and the references contained therein for their various aspects. A singu- 
lar hypersurface is a geometric representation in spacetime of the interface 
existing between two coexisting phases of matter such that the curvature 
tensor suffers a discontinuity of the Dirac type at the inter-phase. This re- 
sults in a two-dimensional concentrated distribution of matter whose history 
in spacetime corresponds to this hypersurface, a distribution of matter which 
is usually referred to as a thin shell or surface layer. Singular hypersurfaces 
stand for the idealization of a vast range of physical situations such as for 
example the false- vacuum bubbles used in inflationary cosmology (see the in- 
troduction of [|T^] and the references listed) as well as in extended inflation in 



Brans-Dicke models (see |]T3| for a review). They also have been successfully 
used to describe impulsive gravitational waves coexisting with null shells of 
matter by recently providing a model of supernovae |Tl| in which the burst 



of gravitational radiation and the burst of neutrinos are respectively mod- 
eled by a gravitational impulsive wave and a null shell of matter such that 
the wave-fronts of the wave and the shell share a singular null hypersurface 
as their common history. More recently, the formalism of singular hyper- 
surfaces derived in ||l2[||n| has been successfully applied to the description 
of the peeling properties of a light-like signal propagating through a general 
Bondi-Sachs model |T5[| . 

The Einstein-Cartan theory of gravitation was originally suggested by 
Elie Cartan in 1922 |^ as a natural generalisation of Einstein's theory of gen- 
eral relativity by extending the model of spacetime into a four-dimensional 
manifold endowed with a linear connection still compatible with the met- 
ric tensor but non symmetric. As a result, the torsion tensor, defined by 
Cartan as the antisymmetric part of the connection, plays a non trivial role 
in the geometry and Cartan's idea was to relate this torsion to the density 
of intrinsic angular momentum [00. Cartan's ideas reemerged in the 60's 
with the works of Sciama and Kibble who independently developed 
a gauge theory approach to gravitation from which the modern U4, theory 
emerged. For this reason, the Einstein-Cartan theory is also known as the 
Einstein-Cartan-Sciama-Kibble theory. Later, it was proved that this theory 
of gravitation could lead to non singular cosmological models M . The math- 
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ematical structure of the Einstein-Cartan equations was also analyzed into a 
new perspective by A. Trautman [Q, using tensor- valued differential forms, 
who proved that the Cartan equations determine the linear connection only 
up to projective transformations and that the condition for the connection to 
be metric-compatible is exactly the condition which removed this arbitrar- 
ness. For a more detailed historical development, we refer to the section 1.6 
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It is therefore of great interest to investigate the problem of discontinuities 
within this theory by analysing the matching conditions the various fields 
have to satisfy across a given singular hypersurface whose definition will be 
exposed within this paper. Gravitational matching conditions have first been 
considered in the Einstein-Cartan theory by Arkuszewski, Kopczyhski and 



Pomomariev |T0[ who derived the matching and the junction conditions for 
surfaces characterized by the continuity of the second fundamental form, also 
called extrinsic curvature. This corresponds to boundary surfaces in general 
relativity where the first derivatives of the metric tensor are continuous across 
the hypersurface, such as for example the surface separating a star from the 
surrounding vacuum. But this reference didn't consider the case of more 
irregular discontinuities arising when the metric tensor is assumed to be 
only continuous across the surface with a jump in the extrinsic curvature 
which corresponds to thin shells. Moreover, they considered only timelike 
hypersurfaces. This paper is an attempt to describe these more general 
discontinuities by providing a formalism to derive the physical content of 
thin shells of any type, in particular null. This will be achieved by extending 
the Barrabes-Israel formalism of general relativity [0 to the Einstein-Cartan 
theory in order to include the effects of spin. 

The paper is organized as follows. In section ^, we present the Einstein- 
Cartan theory and summarize all the useful equations and identities we will 
need in this paper. We then discuss the type of spacetimes we will restrict 
to in order to derive our shell formalism. The definition of a singular hyper- 
surface and the shell formalism are presented in section ^. The stress-energy 
tensor of the shell is derived both in its four dimensional and intrinsic ver- 
sions. Finally, in section ^ we construct a general family of static Einstein- 
Cartan solutions with non-trivial torsion which contains a natural family of 
null hypersurfaces and we use it to construct a null shell of matter. The 
surface energy density of the shell is characterized by the jump in the local 
mass function of the two surrounding spacetimes and the surface pressure 
is given in terms of the jump in the components of the torsion across the 
hypersurface. 
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2 The Einstein-Cartan theory 



The Einstein-Cartan theory considers a four- dimensional manifold 7W as a 
model of spacetime, endowed with a metric tensor g of signature (—,+,+,+) 
satisfying the same regularity conditions as in General Relativity (three times 
continuously differentiable) but characterized by a non symmetric connec- 
tion. The components of this connection are denoted T^^^, in a local coordi- 
nate system {x^}, Greek indices taking the values 0,1, 2, 3. This implies the 
existence of a non-vanishing torsion tensor Q such that 

Q l^w ~ ^ i^fj. ~ ^ fiu • (1) 

The metric tensor g^^, is still assumed to be metric-compatible with the co- 
variant derivative associated with the above connection i.e. V^Qux = 0. It 
is useful to display the existing relation between the Einstein-Cartan met- 
ric compatible linear connection and the Riemannian connection constructed 
out of the metric g^u represented by its Christoffel symbols namely 

pA ^ RpA , A (2) 



with 



""rV = I g""' (d.g.p + d.g^p - d,g,,) , (3) 



where we introduced 

(4) 

which is often referred as the "contortion" or "defect" of the connection (see 
references [|14| and [[10|] ). 



In the local coordinate system {x^}, the components of the curvature 
tensor have the familiar expression 

R^uXp = ^Ar^iyp — dpT^^^ + T^^^V^i^p — T^i^.pT'^j^x ■ (5) 
The symmetries of the Riemann tensor which remain within this context 

are 

R^uXp RpLVpX 1 (6) 

and 

RpuXp RupXp • (7) 

The symmetry (^ comes from the general definition of a curvature operator 
and the symmetry (^ follows from the fact that the connection is metric 
compatible. 
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The cyclic identity is replaced by 



which is also called Bianchi identity for the torsion. 

The property of symmetry by interchanging pairs of indices in the Rie- 
mann tensor is no longer true in this non-Riemannian spacetime but is re- 
placed by the following identity, obtained using four times the identity (Rl): 



Rfj.uXp — Rxpfiu + S^j^^p + S^^^p , (9) 



with 
and 



Sj^Jxp = ^vXXpii + "^XXpvp + VpX^/,A + ^pXpXu , (10) 

Spuxp = i^t^uxp + i^Xi^pu + i^pf^ux + i^uXi^p , (11) 



(12) 



where we introduced 

'4'p,vXp — 5 {QpkuQ Xp ~l~ QfiKxQ pu + QpKpQ uxj ~ "^pXiyp — ''PppXp 

The Bianchi identity is now 

The basic field equations of the Einstein- Cartan theory are 

G^u = SvrT^, , (14) 

and 

Q'.x + Wxp - KQ'.p = 8nS^.x , (15) 

where 5''^^;^ is the spin tensor representing the density of intrinsic angular 
momentum, related to the torsion tensor in a purely algebraic way. T^;^ rep- 
resents the stress-energy tensor of the spacetime matter content. In the field 
equation (|1^), Gp^^, stands for the Einstein tensor constructed out of the Ricci 



tensor Rp^^, = R^pXu by means of the non symmetric connection T^py We 
should insist on the fact that this makes the Einstein tensor non symmetric 
and therefore, in general, the stress-energy tensor of the spacetime is a non 
symmetric quantity within this framework. When the torsion vanishes so 
does the spin and these field equations reduce to the Einstein field equations 
of general relativity. 

Contraction of the identity (j|) yields 

R.p = Rpu + g% + V. Q%p - V, Q^^p + Q^,pQ%, . (16) 
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Regrouping the covariant derivatives and taking into account the relation 
between spin and torsion given in (pISD , this equation leads directly to the 
generalized evolution equation of the spin tensor 

V^5^, = 2T[,,]+2 5%Q% , (17) 

which is therefore not conserved in general. In particular, if the stress-energy 
tensor of the spacetime is chosen to be symmetric, this evolution equation is 

V, = 2 S'^^Q^^ . (18) 

However, one must keep in mind that the torsion does not propagate (cf. 



T4|). Indeed, from the algebraic field equation (|T5|), it is clear there cannot 
exist torsion outside the spinning matter distribution itself (the vanishing of 
the one is equivalent to the vanishing of the other) and therefore the torsion 
cannot propagate through vacuum. Outside the spinning matter distribution, 
the influence of the spin on the evolution of spacetime can only be seen on 
the metric tensor but this effect is of higher order than the effect of mass on 
the spacetime metric tensor. In some exact cosmological models known in 
the Einstein- Cart an literature (see for instance 0), the stress-energy tensor 
of the spacetime is chosen to be symmetric and the torsion tensor trace-free. 
The spin tensor is in this sense conserved. 

The twice contracted Bianchi identity (|TBp (which in general relativity 
directly leads to the conservation of the Einstein tensor and consequently to 
the conservation of the stress-energy tensor) here results in 



V. G% = R\ Q\ + - g V • (19) 



This proves, in view of the field equation (|l^) , that the stress-energy tensor 
is not conserved in general. This was remarked by Cartan himself who 
arrived at the conclusion that, in order for the stress-energy momentum to 
be conserved, a geometrical constraint relating the torsion and the curvature 
has to be imposed, namely 



C,:= R\Q\^ + \r^\Q\^ = Q . (20) 



In the following sections, we will restrict ourselves to the class of spacetimes 
with torsion and curvature satifying this constraint. The existence of this 
constraint will also reveal itself to be necessary in order to properly describe 
thin shells within this framework as we will now investigate. 



6 



3 The Shell formalism 



In this section, we develop a technique to describe thin shells of matter in 
the Einstein-Cartan theory by extending the known formalism of general rel- 
ativity. A thin shell corresponds to a distribution of matter ideally assumed 
to be concentrated on a two-dimensional surface. Its history in spacetime 
is therefore geometrically represented by a three-dimensional hypersurface 
which can be either timelike, spacelike or lightlike. Such a shell is generally 
constructed using the "cut and paste" approach of two spacetimes along a 
hypersurface on which the induced metrics of both spacetimes are required to 
agree. Within the framework of general relativity, the Barrabes-Israel formal- 
ism |jl2| provides a recipe to obtain a unified description of shells of any type 
by extending the known formalism for timelike and spacelike shells. Its main 
feature is a description of the surface properties in terms of the jump of the 
transverse extrinsic curvature (generalizing the usual extrinsic curvature - see 
below for the definition) and thus directly obtained as functions of the shell 
intrinsic coordinates. This makes possible the four- dimensional coordinates 
of each side of the layer to be chosen freely and independently. In particular, 
no continuous coordinate system is required and we can choose coordinates 
adapted to the peculiar symmetries of each spacetime which greatly simpli- 
fies the practical calculations. In the following paragraphs, we will extend 
this formalism in the presence of a non symmetric connection. 

Let us consider a hypersurface S which can be either timelike, spacelike 
or lightlike. We assume that S results from the isometric soldering of two 
hypersurfaces S"*" and S~ bounding respectively two spacetimes M"*" and 
M~ -see figure 1. We also assume that M~ is endowed with a metric tensor, 
a non symmetric connection and a torsion tensor whose components are 
given respectively by g~p, "^"^^ and ~Q"i3^ with respect to a local coordinate 
system } and that M"*" is endowed with a metric tensor, a non symmetric 
connection and a torsion tensor whose components are given respectively by 
g'^p, """T^/j^ and "^Q"/?^ with respect to a local coordinate system {x" }. S can 
thereby be considered as a hypersurface imbedded in the hybrid manifold 
M. = M~ U M"*". The metrics g~p and g'^^ are at least C^-continuously 
differentiable respectively in M~ and M+. The connections are at least 
C^-continuously differentiable respectively in M~ and M"*" (from relation 
(|^), this is equivalent to requiring the torsion tensors to be at least C^- 
continuously differentiable respectively in each domain). If {C,""} is a set of 
intrinsic coordinates on E (where the Latin indices take the values 1, 2, 3), 
the vectors e(a) = ^ form a basis of tangent vectors to S at each point of 
E. 
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{^"■, a = 1,2, 3} — > e(a) = 
Figure 1 : Isometric soldering of two spacetimes 

For any quantity F regular in A^/S (which can be a function aswell as 
a tensor field) such that F tends uniformly to finite left and right limits on 
S, we will denote as usual by [F] the difference of these limits at a point on 
S. [F] is by definition a function defined on S and continuous on E and is 
called the jump of F across S. 

We will call a singular hypersurface in spacetime Ai a hypersurface such 
that the following regularity conditions occur across E : 

M = (21) 

[eU^itfU Qf^-^^^] = IQabc] = (22) 
Kux] ^ (23) 

Condition ( ^I]) expresses the continuity of the metric across S which we 
assumed by construction of S and this means that the induced metrics on 
both sides of the hypersurface are the same i.e. 

9a/3 el^f^^f,)^ = gab = e^a) ■ e(b) , (24) 

where Qab stands for the the three-dimensional metric intrinsic to S. Con- 
dition (^) is the requirement that the purely tangential part (i.e. the pro- 
jection on S) of the torsion tensor has to be continuous across S. As three- 
dimensional manifold embedded in an Einstein-Cartan four-dimensional space- 
time, E is also endowed with a three-dimensional torsion it inherits from the 
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non symmetric connections of one or other side. Condition ( |22D is therefore 
the requirement that the induced torsions from both sides coincide with the 
intrinsic torsion of S. If we define x^^^a = [x^j/a] the jump of the defect across 
the hypersurface and denote by Xabc = x^^x e^'^^ e^^-, e^^-, its projection onto S, 
we immediately see from the definition (|) that Xabc = —^[Qabc + Qbca + Qcba] 
and Xabc + Xbca = — [Qbca] proviug that the vanishing of [Qabc] is equivalent 
to the vanishing of Xabc- This gives another set of conditions equivalent to 
(|21|)-(|23|) by simply replacing ( p2D by [xabc] = 0. We point out that this is 
not equivalent to saying that the jump across S of the tangential part Sabc 
of the spin tensor vanishes. Indeed, the field equation (|T3p only tells us that 
[Qabc + Qbca + Qcab] = [Sabc + Sbca + Scab] showiug that a uecessary (but not 
sufficient) condition for P^ ) is [Sabc + Sbca + Scab] = and not [Sabc] = 0. 

The condition (^) means that we assume a jump in the connection across 
the hypersurface and it is clear from the relation that this discontinuity 
results from the discontinuities of the first derivatives of the metric tensor 
and from the discontinuities of the torsion. 

Such a hypersurface, as we will see below, is characterized by a jump 
in the (transverse) extrinsic curvature of the hypersurface and should be 



distinguish from the boundary surfaces studied in reference [|T^] where the 
extrinsic curvature is assumed to be continuous (this reference, incidently, is 
confined to the timehke case).Q 



Following the procedure of reference |12|, we now describe how to obtain 
the expression for the stress-energy tensor carried by the singular hypersur- 
face E in its four-dimensional form and in its intrinsic form. We first consider 
a single coordinate system {y^} of Ai maximally smooth across E. Let n be 
a normal vector field to E (uniquely defined up to a sign in the timelike or 
spacelike case but not in the null case) normalized by 

n .n = e , (25) 

e being positive, negative or zero respectively when the hypersurface is time- 
like, spacelike or null. It satisfies n.e(a) = 0. Let $(?/^) = be the local 
equation of the hypersurface in this coordinate system and assume that the 
normal is related to the gradient via 

= a-' $ , (26) 

where a is a non-vanishing function of the local coordinates. We introduce 
a transverse vector field [|T^ -see figure 1- non uniquely defined by 

N.n = r]-^ , (27) 



^This continuity condition is proved to be equivalent to the regularity of the full Rie- 
mann tensor, a condition which is not required in the context of thin shells. 
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where rj is a non- vanishing function defined on S. For a fixed r], N is free up 
to a tangential displacement 

N-.N + X'^{e)eia) , (28) 

where A" is an arbitrary vector field on S. According to the regularity con- 
dition (^31) , we will employ the following notation 

= [r%] . (29) 

Because the metric is supposed to be only continuous, the Riemannian part 
of the connection ^T'^^^ is also jumping across S and we get from (^ 

^% = ""^^ + <p , (30) 

where ^w^^^p is the jump across S of the Riemannian connection ^T'^^^. We 
now assume that the Einstein-Cartan equations (|14D-(|15D apply in the sense 
of distributions on the manifold Ai, following the now classical techniques 
first introduced by Lichnerowicz and Taub 0. From the regularity con- 
ditions (PTD-(P3D and the general expression of the curvature tensor (|^), the 
curvature tensor contains a distributional Dirac (5($) part R^upx which is 
given by 

RpuXp = nxWpyp-UpWpuX ■ (31) 

Requiring that the distributional curvature tensor must satisfy the identity 
d^) and extracting the impulsive part of this identity, we arrive with the help 
of (|1|) at 

^X^fiup ^p^fiuX ^p!^Xpu ^v^Xpp~^ pvp^X~^ -^vpX^ p~^ pXu ^p~^ •^Xpp.^v 

(32) 

Taking into account the relation (pOD, equation (|32D turns out to be an iden- 
tity involving only the Riemannian connection, namely 

nx^Wpyp - np^w^yx = rip^wxpu - n^^Wxpp ■ (33) 
Contracting this last identity by A^'' leads to the following algebraic form of 

^Wf,i,x 

V~' ^Wp^x = 2 {P^u nx + Px^. - Pxu ^m) > (34) 
where we have introduced the quantity 

p% = 2^WpypNP . (35) 
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The symmetry of the Riemannian connection apphed to the identity (p^ ) 
now leads directly to the expression for the jump of the first derivatives of 
the metric 

[dug\f,] = Vl^n^ , (36) 

with 

= N'' [d. g,,] , (37) 

which is exactly the same result obtained in in general relativity, with 
the same notation. From relation (0), we now finally arrive at the jump of 
the Einstein- Cart an connection 

Wf,u\ = I (7^1 '^A + 7v - Ixu ^m) + a^Mi'A • (38) 

The impulsive part of the Riemann tensor (PH) is therefore 

(39) 

By successive contractions, we deduce from ( p9D the expression for the im- 
pulsive part of the Einstein-tensor 

Gup = x^yp - x'^^ Up + g^p + a'^ G J, , (40) 

which clearly splits into two parts, a pure Einstein-Cartan part involving the 
jump in the defect tensor x^,yp, i.e. the jump in the torsion, and an Einstein- 
Riemann part G^p corresponding to the impulsive part of the Einstein tensor 
obtained in general relativity and given by 



" ^ G'S- = I {lu'^p + l^n^rip - 'jl^g^p - e (7^^ - -f^ gup] 



(41) 



where we have set, following |12 



1^ = iX^' , 7'' = g^'lt , l\ = itn^n^ . (42) 



From the field equation ([T^), the distributional stress-energy tensor of 
the hybrid space-time M. exhibits a Dirac part a Y^yp given by 

^T^aYyp = G^" , (43) 

which we can express as 

= ^r' + ^ {^""' np - x^\ n<^ + x\xn^ g"') , (44) 
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where is the stress-energy tensor of the shell obtained in general relativity 



m 



12 1 given by 



levrr^-i S^" = 7)i + Yr - 1r n" - 7]^ g'" - e {^^^ - 7^ g"") ■ (45) 

Using the relations (^, (|l^) and (^), we can obtain the following useful 
form of T,"'' in terms of the spin tensor 



In order to interpret the quantity (5|) as the stress-energy tensor of the 
matter shell having the hypersurface E as history in spacetime, our regularity 
conditions (|2T| ) -(p3| ) must ensure that this tensor is indeed purely tangential 
to E. As TJ^P is not symmetric in general, this leads to the two conditions 

(a) T.'^Pn^ = ; (b) E^^^n^ = . (47) 

It is easy to verify that condition (a) is automatically satisfied by the algebraic 
form (1^) and this can been considered with our assumptions {Cp = 0) as an 
algebraic consequence of the twice contracted Bianchi identity = 

by extracting its ^'-distributional part. Condition (b) is equivalent to the 
following condition 

Xpup n^" nP + (x';^ nP) - e x'^,^ = , (48) 

and from (^BD, we get that this condition is equivalent to the following re- 
quirement on the spin tensor 

\SP,pn,n^\ = . (49) 

We shall analyze in detail the intrinsic content of this constraint and prove 
that it is satisfied. 

We first consider the case of a timelike or spacelike shell (e 7^ 0). In 
this situation, the transversal can be chosen to be the normal n and the 
projector operator on E is defined by 

g'''e1^^e'(,^= gP'^-e-'nPn-^ , (50) 

where g"''^ represents the inverse induced metric which exists in this case. The 
constraint (48) is now reduced to the intrinsic trace-free condition 

g'^Xbac = X\, = . (51) 

From the definition (^) and field equation (|T3|), this three-dimensional con- 
straint turns to be 

[S\b] = , (52) 
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which is only a part of the constraint obtained in [|I^ but is weaker because 
we do not assume continuity of the extrinsic curvature. 

For a hghthke hypersurface (e = 0), the induced metric is degenerate 
and an inverse does not exist. Following the technique introduced in [|T^, we 
introduce a pseudo-inverse symmetric tensor gf' not uniquely defined by the 
following relation 

gTgcb = 5l-r,rN, , (53) 

where = N . eip) and where the components 1°" are such that in the oblique 
basis (A^, e(a)), the normal vector n expands as 

n = e7]N + re^a) ■ (54) 
The relation ([5^) is now generalized to 

9'" = 9f ef,) e^,) + 2r/ /V[^)iV'^) + r^h . (55) 



It can easily be proved that the constraint (48) reduces now to the two 
conditions 

Xabcl^r = , (56) 

X,,, = . (57) 



As we pointed out, the regularity condition (|2^ ) is equivalent to Xabc = 0. 
The constraints (^T|) and (^) respectively in the timelike/spacelike and light- 
like cases are thereby automatically satisfied proving that the assumption 
( P^ ) is sufficient. We shall prove now that it is necessary. 

In order to describe the intrinsic matter content of the shell represented 
by its three-dimensional stress-energy tensor, we introduce, following ref- 
erence [12], the "transverse" extrinsic curvature JCab of the hypersurface S 
generalizing the usual extrinsic curvature (whose utility was confined to the 
timelike and spacelike shells) via 

JCab = -N.Ve,,,e^a) • (58) 

In the Einstein- Cart an theory, this quantity is non symmetric. As in general 
relativity, JCab is not a three-tensor under changes of intrinsic coordinates 
Moreover, it is not invariant under the transformation on A^ (^) but 
transforms according to 

JCab JCab — A'^ Tc,ab = JCab — ^'^ ^^c,ab — ^'^ Xcab , (59) 

where Tc^ab represents the three-dimensional connection induced on the sub- 
manifold E by the connection T^^^^ on Ai. Let us now consider the jump of 



JCab across S by considering as in reference |T2| the following quantity 

7ab = 2 [JCab] . (60) 
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In order to make the formalism independent of the choice of the transversal 
A^, we must require •jab to be gauge invariant under (|28|) . In general relativity, 
the Riemann-Christoffel symbols ^F^ab of the three-dimensional manifold S 
are constructed only out of tangential derivatives of the metric which must 
be continuous across S. The jump of jab across E is therefore zero. This 
gauge invariance is thereby a direct consequence of the regularity condition 
(]2l|) . In the Einstein-Cartan theory, the jump of the Riemann-Christoffel 
symbols associated to the metric is also zero but the transformation (|28| ) 
gives an additional term in (^) which involves the defect. It is now clear 
that the gauge invariance of 'jab requires the jump X'^Xcab to be zero for an 
arbitrary vector field A'^(^") on S, and thus Xabc = 0. This leads directly to 
the condition (P^. This condition also ensures that, under change of intrinsic 
coordinates C, "(■C^), the quantity '^ab behaves as a three tensor intrinsic 
to S. 

The four-dimensional tensor S^'^ (|4^ ) of the shell being purely tangential 
to S, there exists a three-dimensional tensor E'^'' such that 



S'^'^ = e^,) , (61) 

which is not simply obtained from T,ab = e'^a) ^(6) ^mi' raising the three- 
indices since in general, the induced metric could be degenerate. After some 
algebra, we obtain the following intrinsic stress-energy tensor of the shell 

levr 7]-' = {gT IV + rr gl' - gf - rf gf) 7cd-e ( gTgl' - gfgf ) 7cd 

(62) 

which is formally the same expression as in general relativity but jab is now 
a non symmetric quantity which splits into a Riemann part and a Cartan 
part, namely 

lab = ^lab + f^ab , (63) 

where ^jab is the Riemannian quantity used in [|12|, i.e. the jump in the 



Riemannian transverse extrinsic curvature defined by the formula ( pq) but 
calculated with the Riemannian connection. In (^), we introduced the pro- 
jection Pab of the tensor defined by 

(3^, = -2NPxp^, . (64) 

The quantity (|62D is, as in general relativity, both independent of the choice 
of the transversal and of the choice of the pseudo-tensor gf' and this inde- 
pendence is mainly ensured by the continuity requirement Xabc = 0. Let us 
insist on the fact that, as in general relativity, despite the fact that the four 
dimensional expression (E4|) has been obtained using distributional theory 
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applied in a smooth coordinate system, the construction of the intrinsic ex- 
pression ( |62D does not require the construction of such spacetime coordinates 
that match continuously at S and in which the four dimensional metric is 
continuous. The expression (^) can be calculated on either side of the shell 
using its adapted coordinates. 

Let us now summarize the procedure to construct the surface stress- 
energy tensor of the shell : 

(1) In the hybrid spacetime Ai = M"*" U M~ where S is embedded, choose a 
transversal N and a normal n such that (p5D and (pT]) are satisfied and such 
that 

[Na] = [N . e(,)] = , (65) 

in order for to be geometrically well defined in M. as it can be given in 
and M~ by two different sets of coordinates {A*"^} and {A^^^}. 

(2) Choose one of the two coordinates systems {x"} or (we then drop 
the positive or negative suffix) and extend the quantity obtained from 
( pB| ) to any four tensor 7^,^ such that 

ll^y = lab ■ (66) 

Here 7^^ has the form 7^^ = ^■y^u + Pfiu where ^j^u is any four tensor such 
that ^l^iuG(a)^'{b) ~ ^lab- Thus we obtain the four dimensional form (^i)). 
We can equivalently obtain directly the intrinsic form (p^ ) by means of the 
pseudo-inverse gf'. 



In the case of a lightlike shell, the intrinsic stress-energy tensor ( p^ ) is 
reduced to 

167r r/-i S'^" = gT l' {led l') + l^gf 7.,) - gf {led ^ l') - tl' {gf 7cd) , 

J67) 

showing, as in general relativity -see reference []TT| , that there is a part 7ab of 
•Jab which does not contribute to S"''. ^ab satisfies the following system of 7 
equations 

Icdl" = 

Icdl' = , (68) 
9 fled = 



and is the generalisation of the quantity obtained in reference |]TT| (where 
7af) was symmetric and therefore jab satisfied only 4 equations). From the 
general splitting (|63D , it is clear that ^ab is obtained as 



lab = ^lab + Pab , (69) 
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where ^^ab is the symmetric quantity obtained in and where I3ab is the 
part of fiab which satisfies the system (^). If we choose the transversal to be 
a null vector (which is always possible), one obtains 

lab = lab-k{9flcd)gab-V {1" Icb) N^-T] {lad") Nb+ff I' l"^) N^Nf, 



(70) 



with 



Pab = Pab-\{gfl3cd)9ab-ri {I' M Na'V {f^acH Nb+v' {f^cd I' l") N^N, 



and with 111 



R 



lab 



lab-^yg^ led 



(71) 



(72) 



By analogy with general relativity, we interpret lab (the part of lab which 
does not contribute to the expression of the intrinsic stress-energy tensor 
E"'' of the null shell) as being an impulsive gravitational wave propagating 
in M. whose history in M. is the null hypersurface S and which propagates 
independently of the null shell. Since lab has 9 independent components and 
as lab satisfies the system ( |55D of 7 independent equations, it follows that lab 
has two independent components which can be interpreted as representing 
the two degrees of polarization of the gravitational impulsive wave. 

In the following section, we will apply this formalism to the construction 
of a null shell. 



4 Application: an example of a null shell 

We first construct a solution of the Einstein-Cartan equations which has an 
easily identifiable family of null hypersurfaces. To achieve this we look for a 
metric tensor of the general static form 



ds' = -du {f{r) du + 2 dr) + r' [dO' + sin' 9 d(j)'j , (73) 
and a torsion tensor with all components vanishing except 

Q\r = «(r) . (74) 

In order to apply the shell formalism of the preceeding section, we first 
impose the space-time constraint (pO]) which corresponds to the vanishing of 
the components of the vector field Cp. These components vanish identically 
except for 

C,^"-Sl±l^ . (75) 
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This constraint leads therefore immediately to 



a{r) 



It 
2 / 



(76) 



where the ' stands for d/dr. 

The evolution equation for the torsion tensor is 



2G 



Kfl ^ up 



(77) 



But with the metric (|7^) and the torsion (|74D, the Einstein tensor turns out 
to be symmetric and with ( |75D is given by 



G 



fU'r-l+f) 


f'r-l+f 





f'r-l+f 

,.2 


r 

rf 






























(7J 



It can be checked that our assumptions lead to 

Q^p Q\p = . 

As a result, the evolution equation for the torsion tensor reduces to 

v,g% = , 



(79) 



^0) 



an equation which is now identically satisfied. It can also be checked after 
tedious algebra that the two Bianchi identities (^ and (|T3p are both satisfied 
by virtue of the torsion choice ([76|). The stress-energy tensor of the spacetime 
is therefore given by T^,^ = l/8nG^^. This T^,^ is a conserved symmetric 
tensor whose proper values are all real 0. 



From the second Cartan field equation (|l^), we obtain the only non zero 
components of the spin tensor: 



q9 q4> 



a 
Stt 



1 /' 



167r / 



^1) 



In the spacetime with metric (|73|), the u = const form a family of null 
hypersurfaces. Using the technique described in the preceeding section, we 
would like to glue two spacetimes M+ and M_ both endowed with a metric of 



These proper values A, obtained as the roots of the equation det{Ta/3 — Xgap) — 0, 



are Aq = ''^stU ^ -^i = ^TT^ ^^'^ -^2 = (double root) 
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the general form ( |7^ ) in two different coordinate systems {u,r^,9+,(j)+) and 
(m, r, 6, (p) with torsion given by (0) and (|76D but with different functions 
f+{r+) and /-(r) and different a+(r_,_) and a_(r). We join these spacetimes 
along the null hypersurface S with equation u = by requiring the positive 
and negative sides of S to be isometrically soldered via the identity matching 



e 



(821 



I) to be automatically satis- 
dVL^ and r is chosen as a 



This enables the metric continuity condition 
fied, the common induced metric being ds^^ 
common parameter along the generators of each side of the hypersurface. Let 
us choose = (r, O.cf)) as the intrinsic coordinates on the three-dimensional 
manifold S. The continuity condition ( p2D for the torsion tensor is then 
automatically satisfied since on both sides of S, the torsion tensor satisfies 
Qahc = as well as the necessary condition [Sabc + Shea + Scab] = 0. 
The future-directed normal generator of S is the null vector 



n 



d_ 

dr 



and as transversal we choose the null vector 

N 



du ^ dr 



On both sides of S, we have 

N .N 
N .n 



0, 



= -1 , 

(A = 2, 3) 



^3) 



(85) 
(86) 
(87) 



which makes N a geometrically well-defined object. 

The non zero components of the Riemannian transverse extrinsic curva- 
ture are 



= -irsin^^/^ 
from which we get that the Riemannian part of jat is 



(89) 



lab 





-r [/] 

-r sin^ 9 [f] 



(90) 
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Since = S'f, Nf, = N . e(b) = —61 and rj = —1, we can choose g'^'' as being 
gAB 5 = 2,3) bordered by zeros and take 



,a6 





^ 



(91) 



and according to (^) and (|63|) , the Riemann part of the stress-energy tensor 
of the shell is given by 



IGttE 



ab 
R 



(92) 



where we introduced as in a local mass function m(r) given by /(r) = 
1 — 2 m/r. 

In order to determine the Cartan part of the surface stress-energy tensor, 
we now calculate the tensor Pab defined in (plD- With given by (Q), it 
turns to be Pab = — 2x„af,. It is not difficult to see that x^rr is the only non 
zero component of Xuab and we get 

(3ab = 2 [a] 6: 51 . (93) 

The Cartan part of the surface stress-energy tensor is finally obtained as 



SttS 



[a] 9 



ab 



(94) 



In conclusion, we have found that the hypersurface S is the history of a null 
shell of matter whose surface stress-energy tensor is given by 



SttS 



ab 



r /" + [«] gl 



(95) 



This means that the matter on the shell is characterized by a surface energy 
density a expressed as 

47rrV = - [m] , (96) 

which owes its existence to the jump in the mass function m, and by a 
pressure P given by 

SttP = [a] , (97) 

whose existence is due to the jump in the torsion function. Finally, it can be 
easily seen that the wave part ^ab defined in ([70|) vanishes identically showing 
that there is no gravitational impulsive wave associated with this null shell 
of matter. 
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